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Theoretical Analysis of Heuristic 
Algorithms,  

Part I: Convergence of Iterative 
Stochastic Algorithms and Simulated 

Annealing 
The Theory lectures start 10-17-11. Students 
taking the course for 3 credits plus project are 
not required to attend these lectures nor do 
homework or exam questions related to this 
material.  These theory lectures will continue 
for 2 or more weeks.  
There will be a prelim on Oct. 25 that will not 
contain any material on Theory. 

    Handout 10-17-11 
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 Modeling Search Algorithms as Markov Chains 

•  Purpose is to understand convergence behavior, i.e. as 
the number of iterations becomes large, what happens to 
the solutions? 
What is the likelihood that the global minimum solution 

will actually be found? 

•  This analysis is more difficult because the  algorithms 
are stochastic, i.e. each repetition of the algorithm can 
result in different outcomes. 

•  Hence, the analysis is “stochastic” where results are 
presented in a probabilistic framework. 
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Stochastic Search Algorithms 

•  For heuristics, the search has a stochastic component (i.e 
which neighbor is picked or which individual is a parent and 
which components are subject to mutation). 

•  Hence, if S(t) is the current solution in the tt   iteration, then S
(t+1) is a random variable (or a vector of random variables). 

•  The Markov Chain analysis is applied to vectors of discrete 
random variables (e.g. the decision variables can be mapped 
onto vectors of integers).  This includes strings of binary 
variables. 
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Random Variables 

•  A Random variable maps outcomes of a random experiment. 

•  E.g. Assume decision space Ω is S={0,1,2,3}.  Then a  
random experiment is starting with a value of Scurr= 2 and 
applying one iteration of SA.  There is a probability  p1k that 
the next Scurr will be k=0,1,2,or 3.  Hence Scurr is a random 
variable.   

•  We will use our knowledge of the values of p1k  to examine convergence. 
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Markov Chains 

•  Let S(t) be a mapping from outcomes of a random 
experiment to a function of (discrete) iteration 
number t. 

For a fixed generation tk   then S(tk) is a random 
variable where the outcomes are countable/discrete. 

Markov Process:  The future of the process depends 
upon the present and is independent of the past. 
Hence if St  =S(t) , a decision vector then 
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Pi j   Perturbation Probability For a Random  Algorithm 

•  The probability of going from state i to state j is pij  
•    
•  Recall that you can only go from state j to the states in the  neighborhood 

of j.  Hence if there is an equal chance (Random Walk) of going to any 
neighbor then  

•  Above is an example for random walk. |N(S)| is the NUMBER of elements 
in the neighborhood.  

•  Is this equation above for pij also true for simulated annealing? 



Configuration Graph 

•  A Configuration graph is the set of legal configurations and all 
edges.  A “configuration” is a specific value of the decision 
vector. 

•  An edge between two states indicates that they are 
neighbors. 

•  A state S is called a “local minimum” if Cost(S)<Cost(T) for all 
T in the neighborhood of S. 

•  We will later discuss how we take a specific optimization 
problem and make its corresponding configuration graph. 
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Figure 1.3 from Section 1.7 from reserve S&Y text, 
p. 19 

Pkm
 
  is the probability of moving from value k to value m. 

What if algorithm is greedy search and S(K)=1, S(M)=2.  What is Pkm? 
Note sum of all probabilities OUT (including Pii) = ?? 

edge 

configuration 
Why Not? 



Comments on Figure 1.3 

•  The “configuration” is the value of the decision variable. The 
numbers in the circles indicate the value of the decision 
variable. In the reserve text the configuration is sometimes 
called the “state”.   

•  The “edges” (lines between configurations)  indicate which 
configurations are neighbors of each other.   

•  Notice that there are arrows on edges  between 
configurations. For Sj to be a neighbor of Sk there must be an 
arc going from k to  to j.  (It is not necessarily true that if Sj is 
a neighbor of Sk  that  Sk is a neighbor of Sj .) 

•  The fractional number on the edges between k and j near the 
arrow heads by configuration j  are the probability of going 
from k to j.  Note those probabilities are different for different 
directions. 9 
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Figure 1.3 from Section 1.8 of text 
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Example 1.13 in Configuration Graph 

•  Assume you have 8 possible “configurations (i.e. 8 
possible values of the decision vector S) 

•  In this example S is a scalar, i.e. there is only one 
decision variable. 

•  For example S could be a binary string of length 3, which 
assumes all the  values from 0 to 7 (= 8 numbers). 

•  For simplicity, assume cost(S) = S.  (This is not a 
necessary assumption; it simply makes the graph 
simpler.) 

•  The probabilities of moving from one state to another are 
given. (Later we will compute the probabilities based on 
a specific algorithm.) 

•  If there is no “edge” in the configuration graph between 
state j and state k, then you cannot move from state j to 
state k in one step. 



Edges from k to k 

•  You will notice that all the configurations have one edge  that 
doubles back on itself (i.e. it goes from k back to k). 

•  What do you think that represents? 

•  How do you compute the value for this arc? 
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for Time Homogeneous Markov Chains 

•  A configuration graph  in tth 
   iteration   is  

•  The neighborhood is  

•           is the set of legal configurations ( S=0 to 7 in our case).  For 
simplicity assume  cost (S) =S+1. 

•  The edges are  

•  An edge between two configurations indicates they are neighbors. 

•  A configuration  is called a “local” minimum if Cost(S) < Cost (Z) for 
all neighbors Z contained in N(S) 

•  If Cost(S) < Cost (Z) for all configurations Z contained in Ω,  then it is 
called a “global minimum”. 
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BIG CONCEPT:  Defining and Computing  π(t) 

•  The term “state” is used in Markov Chain. Recall it is 
equivaltent to configuration or value of decision vector 

•  Let π(j,t) ) be the probability of being in state j in iteration t.  
(The text calls t “time”.) Then 

•   π(t) is a vector and  
 π(t) = ( π(1,t),  π(2,t),…,π(N,t)), where N is the number of 

states. 
•  What do we know about the sum of the  π(j,t) over all j? 

•  We would like to have a relationship 
π(t+1) = π(t) * [P], where [P] is a matrix. 
. 

•  How do we compute [P]?  
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2 configuration example 

•  Let us take a simple case with just two states 
(configurations). 

•  Define a vector π 
   π =(probability in state 1, probability in state 2) 

                = (π1 g , π2 g   ) in gth iteration (generation)     

•  We want to define a matrix P such that  

      (π1 g , π2 g   ) [P]= (π1 g+1 , π2 g+1   )  

•  What will the components of P be? (see board for a three 
dimensional example) 

End lecture 10/15/10 







Basis for Theoretical Analysis 

•  This idea can then be extended to any discrete problem with 
N configurations (e.g. with N possible values of the decision 
vector).   

•  In the theory, N could be a very large number (e.g. N=10,000 
or =100,000) since we do not compute anything during the 
theoretical analysis and hence we have no computational 
limitations during the theoretical analysis. 

•  Then 
π(t+1) = π(t) * [P] 
Where π(t+1) is an N dimensional vector and P is an    N x N 

matrix 
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Stopped previous slide 10/15 
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Markov Chain Matrix corresponding to Fig. 1.3,  
an example with N=8  

•   s 

Where did these numbers come from?  See Board 


