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Abstract—Delaunay triangulations are used to establish local Using a graph to represent a network enables the use of
topology for mobile wireless networks using directional antennae. graph theory to characterize the network. For example, finding
The maximization of the minimum angle inherent to the Delaunay a path between two vertices of a graph is analogous to finding

triangulation is exploited to minimize cross talk, which in turn
assures that each individual link can operate at its peak bandwidth. a path through the network from node to node. From a network

Additionally, the use of mobile relay stations is examined to improve Survivability standpoint, finding a cut vertex in the graph imme-
data rate. These mobile relays move themselves into optimal position diately identifies high risk points of failure in the network. A cut
using information from the Delaunay triangulation and seek to vertex is essentially any vertex in the graph that, once removed,
mltlgate’unavmdably bad node placements that are dictated by the would turn the graph into two or more disconnected subgraphs.
network’s users. . .
Taking a backbone router offline would have the same effect on
any communications network, breaking the network into two or
. INTRODUCTION more halves. If the graph has bandwidth capacity information

The advent of several new communication technologies h| saddition to nodes and their cpnnec_tion_s, network ﬂ(_)W graph
allowed for a new breed of mobile adaptive networks to beco eory hecomes Ye“l/ use;:ul. US|_ng th'sb k'gd .?jfhgfraph 'S & vzry
reality. In the current on-demand world, having wireless connegiclent way to calculate the maximum bandwidth from any node

tivity to data is paramount. Unfortunately, wireless connection@ &Y other node, assuming there is a path between the nodes.

are often poor, due to interference, signal attenuation, or just
plain lack of coverage. To make matters worse, the network [I. WIRELESSNETWORKS
nodes are often constantly moving. An excellent example is

cellphones. Cellphones are always moving because the peoq tI |freless c%mmurt]rllcanon has _thet unlqtue proper(;y_tof S|g|_1dal
that are carrying them are always on the go. Unsurprising!gg erierence. since there 1S no wire 1o act as a condutt or guide,
L

cellphone coverage is not uniform: everyone has had am le signal naturally radiates from the sender. This effect is very
experience of losing connection just walking down the stretﬁ!."_mar to the way humans speak. Even though the words (signal)

Other communications networks suffer from similar coveradé% mtgnded to be heard only in the_ears of the listener, everyone
problems. se in the area can also hear. This becomes problematic rather

Cellular relay towers are typically stationary, so dealing Witﬂu'ckIy when humans congregate. Each send and receive pair

many mobile network nodes that are constantly changing locati st deal W'th the |.nterf_er.ence caused by everyone else. If one
can be very difficult with stationary towers. These new adapti rson beglns shouting, it incurs a Iarge cost to those that want to
networks are designed to “plug” coverage holes by repositioni fen to him. As the sum of the costs imposed by other speakers_
some relays dynamically, as the other nodes move about. Thekgeases, any given conversation becomes less eloquent as it

wireless networks promise to fit user needs better by beifl : . . .
Eeless signals tend to “spread out” more and thus interfere

ier to depl d by bei ble t ily handle ch . : R . .
easier fo deploy anc by being av'e 1o easty handle cnange th other signals, as in Figure 1. The ideal model for wireless

course, wired networks are more reliable, but impractical for the¥ o . - ! : .
purposes. transmission depicted in Figure 1 is essentially a cone that widens

as distance from the sender increases. Eventually, the distance is
great enough that the signal attenuates to the point that it appears
A. Networks as Graphs as background noise. Also, every jump the signal makes from
Any network may be modeled as a graph such that eaghde to node takes a minimum amount of time, or latency, so the
vertex represents a node—a single device or router, and elss jumps the signal makes, the better.
edge represents a single method to transfer data between twd/ireless networks suffer all of the problems humans in cock-
vertices. In the early telephone network, the vertices were eithall conversations, but wireless networks have several additional
telephones or switchboards, and the edges were wires suspemdethods to ensure communication. The most important of these
by poles. Although the edges in wireless networks have mmethods is signal routing. Imagine that Alex wishes to send a
concrete physical existence, the same graph structure is sti#ssage to Dylan, but they are on opposite sides of the room.
applicable. One method to achieve this would be to use a bullhorn and shout

es way to "What? Come again?”. Also, as distance increases,



above the crowd. Unfortunately, this incurs high cost to everyoaenount of interference; if there are many people close to one
else in the room, and interrupts any person in the sound coneaabther shouting, no one can hear anyone. Geometrically, this
the bullhorn, as in Case 1 of Figure 1. Additionally, the intendezbrresponds to the areas of each broadcast circle overlapping and
recipient may be too far to receive the message, making the sigealising interference.
no more useful than broadcasting interference.

B. Directional Antennae

‘ VR Directional antennae, while less commonplace, are quickly

o 0O o beginning to gain ground due to the unique advantages they

(k ,.r,* //99/ —‘ N provide. A directional antenna has the capability to broadcast
AN A @ ///.\ / ]\ a signal selectively in any direction with minimal diffusion. In

AN o / particular, phased array antennae are particularly good for this

because they can change broadcast direction without changing
, their orientatioA. The conversation analogy for this is the cupped
-8 hands around the mouth while shouting. The cupped hands
. Case1 focus the sound in a particular direction, thus avoiding diffusing
***** Case 2 the signal. Of course, the signal angle is much better in the
electromagnetic realm than the auditory realm.
Fig. 1. Each vertex is a person. Vertex A is Alex, vertex B is Bob, C is Charlie, Directional antenna haV(.:-' notoriously 'complex' emission pat—
and D is Dylan. All other vertices are other people in the same geographit@fns. They generally consist of one major lobe in the direction
location at the same tim?. Case 1 represents the bullhorn approach, where fexthe intended receiver, and many smaller stray lobes. The
B 2 e eserts e e op 2P Hfagnitude—power content—of these stray Iobes is low enough
than the total number of vertices in the graph, and Case 3 represents one oS#gh that we may disregard them for this paper and assume ideal
many possible Hamiltonian paths from Alex to Dylan. transmission. We model this as a cone with dispersion afa@le
and a length ofl. Directional antennae are less likely to cause
A more polite method would be for Alex to ask Bob to aslknterference than omnidirectional antennae by nature. However,
Charlie to give Dylan his message, as in Case 2 of Figure 1. Siritevo or more directional antennae are broadcasting towards the
Alex and Bob are within speaking distance, their conversatisame location, there is the possibility of interference. In this case,
only impacts a few people around them. This method alsiee geometric analogy is the overlapping broadcast cones.
accounts for the situation where Alex and Dylan are too far away

from Alex to use a bullhorn. By transmitting to another persog. Maximizing Connectivity and Minimizing Interference

or node closer to the intended recipient, the sender actually has g, goal now becomes to simultaneously ensure good network
chance of getting the signal to the recipient. However, extendiggnnectivity while avoiding unnecessary interference. The prob-
this method to the extreme isn’t necessarily a good idea e|ther,|é§] can thus be reduced to a question of which edges should be

in Case 3 of Figure 1. Case 3 represents one possible Hamiltoniagy ¢ populate the graph, and one such way is using planar
patht through the graph. Since every jump from node to noqﬁangulations.

increases latency, having the signal bounce through every node
incurs a large time cost. I1l. DELAUNAY TRIANGULATION

In order to address some of these problems, antenna design '/E | i lati f f icas b db
an important aspect of wireless communications. planar trnangu ation of a set 0 ver_tlc can be cre_ate ) y
adding edges such that the resulting simple gr@ptontainsl’’s
S convex hull and whose interior faces are all triangles. This defi-
A. Omnidirectional Antennae nition implies thatG' is maximally planar: no edge may be added
Omnidirectional antennae are probably the most commonplagithout destroying the planarity, and no face contains a vertex.
and cheapest to produce. Continuing the conversation analdggch setl’ has many graphs that satisfy these requirements.
omnidirectional antennae are akin to shouting loudly in all Planar triangulations are topologically “bland”[3]. In terms of
directions at once. People nearby can hear you just fine, whethetwork survivability, graphs that are “bland” generally remain
they want to or not, but people far away have a hard time heariognnected when vertices are removed, since “bland” graphs have
you, since your volume has attenuated with distance. a uniform distribution of densify In other words, no part of a
By broadcasting at a given intensit§, a node generates“bland” graph is more interconnected than any other part.

a signal that is received with intensity(d,7) = Ir—2. For 27 soft orithm ch the oh ¢ the sianal beina broadcast b
. i . . : software algorithm changes the phase of the signal being broadcast by
the sake (_)f_ moc_iellng, this is a CIrCIe_Of radis CIUSt_ermg each pole of the phased array antenna. By varying the phase, the signals can
many omnidirectional antennae results in a correspondingly higterfere constructively or destructively with one another, resulting in a signal
that is stronger in only one direction.

1A Hamiltonian path in a graph is a path that touches every vertex of the grapi?The density of a graph is the ratio of the number of edges to the number of
only once. vertices.




Fig. 4. Two different Delaunay triangulations of a square. Since the vertices of

Fig. 2. Two Triangulations ofV5 a square are not in general position, the Delaunay triangulation is not unique.

A triangulation in a 2D plane is considered to be a DelaunaySeveral more advanced methods may be used to reduce the

e ) . -
triangulation if the circumcircle of each triangle in the triangulaceMpPutation time fromO(n")to O(nlogn), and using a divide

tion contains no other points of the graph[2]. In other word#, if and conquer algorithm can achieve(n log (log(n)))expected

is the set of vertices of a graph in a 2D plane d{&) represents tlme. However, the bg5|_c congept always reduc_es to finding
an arbitrary triangulation of/’, the circumcircle through the triangles such that their circumcircles do not contain others.
endpoints of any triangle;vsvs € T(V) wherevy, vy, 13 € V
contains no other vertices iW. B. Delaunay Triangulation Benefits
Figure 2 shows two possible triangulations W6f;. The left Delaunay Triangulations have several attributes that make them
triangulation is clearly not a Delaunay triangulation, because thespecially salient at this juncture:
are several triangles whose circumcircles enclose other verticest) Each node if/ is guaranteed to be connected to its nearest
The right triangulation is a Delaunay triangulation, since all the  neighbor.[4] Nearest Neighbor links are the least costly to
circumcircles are empty. use by most metrics.
2) The Delaunay Triangulation is guaranteed to maximize the
minimum angle in the graph[5]. That is, there exists no
A. Finding the Delaunay Triangulation different triangulatiori’ (V') whose smallest angle is larger
than that of the smallest oDT(V). This implies that
One way of finding the Delaunay triangulation is the incre- DT (V)avoids creating thin sliver triangles.
mental method, which is a naive algorithm. This method starts3) The minimum spanning tree of the full graph induced by
by forming a triangle between 3 vertices within. Additional V is always a subgraph dbT'(V).[4]
vertices are incrementally added, and the graph is updated aftef) As this is a planar triangulation, the number of triangula-
each addition. All existing triangles are checked and removed tions and therefore links grow wit®(n).
if their circumcircle contains the new vertex. The resulting 5) The incremental algorithm does not require that all nodes
polygonal face is re-triangulated, and the algorithm proceeds to be known at the start of the calculations.
the next vertex, as seen in Figure 3. 6) Insertions and deletions only have local effects on the
triangulation.

I:> I:> C. Mobile Wireless Networks
The benefits detailed in Section IlI-B make Delaunay trian-

gulations a decent and easy approach to determining a network
Fig. 3. The incremental algorithm starts with four vertices. An additional vertdopology on the fly. As a node is activated by its user, it connects
is added, and the appropriate edges are removed. Finally, a new triangulatiogyists nearest neighbor and pushes an announcement of its arrival
formed. . . .

to the local nodes. The incremental algorithm checks which

existing links must be broken, and then reforms links to the new

It is of interest to note thaD7'(V)is unique only ifV is in  node. The network is protected against the sudden departure of

general position. That is, it is assumed that each set of threades, as it is categorically bland and therefore contains several
vertices inV circumscribe a unique cirdeand no three vertices paths for any data to be routed on. When this condition is
in V are collinear. For example, assume that ,describe the detected, only nodes local to the deletion need to establish new
corners of a square. Each set of three vertices chosen from Ithks.
four describe an identical circle. Their are therefore two Delaunay
Triangulations for the graph, as shown in Figure 4. This result IV. LOCALLY EQUIANGULAR

bears little consequence on the network topologies, as eitheRecq) the interference pattern of directional antenna in Section
choice is equally good. Therefore, we will allow the algorithm 1§ g The cone of the signal causes much less interference than
simply choose one if it encounters such a situation. its omnidirectional counterpart. However, this is only a start, as
directional antennas have a directednesgdof 30° . By select-
“No four vertices lie on the same circle. ing targets that are separated by angle as well as pure distance,



it is possible to further reduce the effects of interference. If th& Locally Equiangular Benefits

minimum angle in any triangle in a triangulation is larger than From Section IV, locally equiangular means to have maximized
the directional signal width, it is possible to communicate withoe minimum angle. Theorem 1 along with its more rigorous
creating any effective interference. Note that each transmissigiof in [5] proves that the Delaunay triangulation is the de
will still affect an area, but it is no longer relevant because Rgcto way of maximizing the minimum angle, making it the best
nodes are caught within it. way of creating a network topology using directional antennae,
Take a triangleA BC' such that|AB|| < [|BC|| andZBAC = assuming the cost metric is minimizing potential interference
¢. A communicates using a directed antenna wifspersion on from neighboring nodes in the network.
either side of the intended beam. If and onlyik 6,B is subject
to all communication fromd to C. V. CONCLUSIONS ONNETWORK SURVIVABILITY
This creates an additional design constraint concerning thes®ecall in Section | that the intended application is mobile net-
minimum angles. We may choose to interpret this finding in oweork survivability. Section IV shows that Delaunay triangulations
of two ways. We may maximize the average angle to creat@nimize interference when using directed antennae with all the
better conditions on average. Alternatively, we may maximizeenefits of a planar triangulation. Clearly, the locally equiangular
the minimum angle to ensure that there is a common standdrdnefit is a major one, because ensuring signal integrity ensures
The first method is applicable in cases with good data coding thhat links—edges in graph theory terms—remain active and can
can scale according to SNRThe second method is applicablecommunicate at close to their maximum bandwidth.
in cases where there is a threshold effect, in that communicatiorsing the incremental algorithm described in Section IlI-A,
is possible if and only if the SNR is above some value set by theding new nodes or moving nodes around in time only affects

hardware. the local subgraph. This is particularly beneficial in large scale
For the purposes of this paper “locally equiangular” describestwork deployment, because small changes do not affect the
a triangulation that has maximized the minimum angle. overall network integrity, i.e. the addition, removal, or reposi-

tioning of nodes affects only a handful of nodes nearby. This

phenomenon is directly related to the fact that planar triangular

A. Theorem and Proof graphs are bland—the network can survive single node changes
Theorem 1:Given a finite set of vertice®¥ and a triangulation long enough for the network to re-triangulate an optimal solution.
T(V), T(V) is locally equiangular ifT’(V) is the Delaunay Also recall that the mobile network described earlier involves
triangulation[5]. mobile relay towers. Choosing the location to add new nodes—

Proof: Define a triangleA BC'. Define another poinb to be vertices—can also be accomplished with Delaunay triangulations,
either inside, outside, or on the circumcircle of the triangC. as described in [2]. The center of the largest circumcircle of a
If the pointD is on the circumcircle, we know from Section 11I-A Delaunay triangulation is an ideal candidate for placing a relay
and Figure 4 that either diagonal of the quadrilatetalC'D will ~ tower, since the largest circumcircle touches nodes that are the
give us a Delaunay triangulation. farthest apart. Since the nature of wireless signals is that they

If the point D is outside the circumcircleBC will be the attenuate proportional to distance, putting a relay in between the
diagonal that creates the Delaunay triangulation ABC D, largest distances shortens the distance from node to node, thereby

because by definitioD lies outside the circumcircle afiBC. increasing the chance that a signal will actually get through[2].

The resulting quadrilateral with a diagonal satisfies the locally

. . S REFERENCES
equiangular constraint detailed in [5], because AD < /BCD,

[1] M. Bern, D. Eppstein, and F. Yao. “The expected extremes in a Delaunay
ZADC < ZABC, and/DAC < ZCBD. triangulation,” inInternational Journal of Computational Geometry and Ap-

The last case, whe is inside the circumcircle, makes it  plications, 1(1):79-91, 1991. http:/citeseer.ist.psu.edu/bern91expected.html
impossible forABC to be a triangle in a Delaunay triangulation|?] C.' Wu, K. Lee, and Y. Chung. “A Delaunay triapgulation-ba?ﬁd method for
because the fact tha® is inside the circumcircle of the triangle ~ ireless sensor network deployment,” Rroceedings of the 2™ Interna-

. .. . ; tional Conference on Parallel and Distributed Syste2306.

ABD violates the definition of a Delaunay triangulation. Thugg] john G. Michaels & Kenneth H. Rosefpplications of Discrete Mathematics
the other diagonal must be chosen to ensure that no pointsMcGraw-Hil, inc. New York, 1991. _
are contained within circumcircles of triangles. Again, this neWfl R-Press. ‘Lecture 17 n_ Lectes, Computaional Geometry, 2003.

. . L . : . p://www.cs.wustl.edu/"pless/506/117.html
quadrilateral satisfies the constraints for being locally equiangujgyr r. sibson. “Locally equiangular triangulations,” in Computer Journal. 21:243-
because/BAD > /BCD, LADC > LABC, and£ZDAC > 245, 1978.
/CBD.

. : - . APPENDIXA: NOTE
As we can see, the Delaunay triangulation satisfies the criteria_ 7 i _ OTES _ o
for being locally equiangular. As it turns out, the Delaunay R-Sibson’s paper, “Locally equiangular triangulations,” proved

triangulation is the only triangulation to satisfy this criteria, a8 Pe impossible to find, and heavily referenced, making writing
proved in [5]. m this paper difficult. The paper ended up costing $23.00, but we

didn't make the decision to buy it until late into the writing
5Signal to Noise Ratio process. We have included the paper for your convenience.



