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1 Introduction

The study of robot control is an continuosly evolving field. The original impetus for study was for the control of
robotic arms used in manufacturing automation, which is now a fairly developed subject. It is standard to use
position or force control in industrial robotics applications, such as manufacturing automation. The reason for this is
because manufacturing automation typically involves many position-specific, repetitive tasks, such as part placement
or spot welding.

2 Forward Kinematics

2.1 Overview

Industrial robots are typically constructed in the form of a multi-jointed manipulating arm. Typically, each joint
of the arm is capable of revolute movement. However, it is also possible to have a prismatic joint, which allows for
linear travel along an arm segment. This paper will focus only on revolute joints. The end of the arm is called the
“end-effector” and is usually a tool or manipulator of some sort. Since the end effector usually will be interacting
with an external object, it makes logical sense that there exist a way to describe the position and orientation of the
end effector with respect to the coordinate system of the external object, hereafter referred to as the reference frame.
Forward kinematics allows us to specify the position and orientaton of the end effector as a function of joint angles
and arm segment lengths. Later, forward kinematics will also allow us to express the velocity and the force of the
end effector as a function of angular velocity and torque of the joints, respectively.

2.2 1-Degree of Freedom

Before we begin, a quick note on notation. Subscripts on the left of a matrix denote which reference frame we are
translating from, and superscripts on the left of a matrix or vector denote the reference frame of their “output.” Now,
we examine the simple case of a one degree of freedom revolute joint. This is the case of a robot which has a single
joint which can pivot about the z-axis.

To begin, we define a universal reference frame, frame 0, as the frame of reference of the base of the robotic
arm. Next, we attach another reference frame, frame 1, to the joint with its origin coincident with frame 0’s. By
examining the basis vectors for frame 1 and expressing them in terms of the universal frame, frame 0, we have the
following, where 6 is the angle we rotate about the z-axis:

1 0 0
(S31 = 0 , €y = 1 , €3 = (1)
0 0 1
cos by —sin 0y 0
e = sinfy |, e, = cosby | ,e5=10 (2)
0 0 1

Combining e, e}, €5 into a matrix, we have the rotation matrix for expressing vectors from frame 1 in {rame 0.

cosly —sinfy 0O
‘R=| sinf cosf 0 (3)
0 0 1

However, { R only describes a rotation. In order to completely describe a transformation, we will have to account
for the case where the origins of two different reference frames are not coincident. In this case, we can create a 4 x 4
transformation matrix that will allow us to both rotate and translate a vector from frame 1 to frame 0. This is done
by augmenting the rotational matrix with a row of all zeros and a column which consists of the vector in frame 0
describing the position of the origin of frame 1 and a single 1. The new transformation matrix 97 is shown below,
where Y0 is the vector describing the origin of frame 1 in frame 0. “0; = 0 because the origins of frame 0 and 1 are
coincident as described in Chapter 2.3 of [Craig].



cosly —sinfy 0 O
°R 0 in 6 0 0 0
O __ 1 (e} o s Vg COS U
1T_{0 0 O 1}_ 0 0 10 (4)
0 0 0 1
We now have the capability to express vectors in frame 1 in frame 0.
=T (1x) (5)

. Typically, vectors in three dimensions have are 3 x 1, but since 7" is a 4 x 4 matrix, we will need to augment
both x vectors with a row containing 1.

<] ®

To completely describe our robotic arm, we add another reference frame, frame 2, attached to the end effector of
the robot. Since our imaginary robot has only one degree of freedom, i.e. there is no rotation between frame 1 and
2, the 3T will have the identity as its rotation matrix, and a origin vector describing the length of the arm segment,
which in this case has length ¢; in the x-direction of frame 1. Thus,

1 00
01 0 0
001 0 (™)
1

Armed with our new knowledge, we can easily solve the problem of finding the location of the end of the arm in
terms of the universal frame, frame 0. Using equations 4, 7, and 5, we have

OX = ?T%T202 (8)

20, is the origin of the end effector’s reference frame, frame 2, in terms of frame 2, which means it’s the zero

vector. Expanding our previous expression, we have

cosfp —sinfy 0 O 1 0 0 4 0 {1 cos by
Oy sinfg cosfp 0 O 01 0 O 0 _ £ sin By )
0 0 1 0 0 01 0 0 0
0 0 0 1 0 0 0 1 1 1

Note the 1 in the bottom row of the vector. That 1 is an artifact of using the 4 x 4 matrix. Extracting the actual
vector for the end of the arm in frame 0 is also easy. Simply ignore the fourth row, and we have

£1 cos By
%0y = | £, sin6y (10)
0

The robotic arm in this example is essentially capable of tracing out a circle in the z-y plane of radius ¢;. The
vector that sweeps the circle out is obviously equivalent to Yoy if #y sweeps from 0 to 27, so our matrix math is
correct.

3 The Jacobian

3.1 Overview

Using forward kinematics, we now have an easy way of using matricies to find the position of the end effector of a
robotic arm. Since the purpose of robot arms is to move around, it would seem logical that we find expressions for
the velocity, angular velocity, and linear force at the end effector.

The most intuitive approach to this problem is an recursive one. If we have a 3-joint arm, the first joint will have
some velocity. The second joint’s velocity will be the sum of its own velocity and the first joint’s velocity, the third



joint’s velocity will be the sum of its velocity and the second joint’s velocity, and so on. This iterative approach also
applies to torques. If we want to apply some static force on the end-effector, we can iterate down the joint links,
summing torques along the way.

This approach results in a system of coupled equations with as many terms are there are joints. Systems of
equations such as these are clearly suited to being expressed in matrix form. The Jacobian, in particular, is essentially
a partial derivative in matrix form. For example, if we have the system of equations

vy = f1(331,51327$3)
Y2 = fa(z1, 72, 73) (11)
ys = f3(x1,22,23)

we can re-write it in terms of vectors and matricies as in Chapter 5.7 of [Craig].

y=Fx (12)
After partial differentiation, we have
oy = %69)1 + %5%2 + %(5333
0ys = %61‘1 + %5%2 + %6373 (13)

dys = %61‘1 + %5322 + 3 544

5$3

From Chapter 5.7 of [Craig], we can write this in terms of matrcies and vectors.

OF
oy = 6—X5X (14)
0y = J(x)dx (15)

Using the Jacobian experssion, equation 15, we can express things like time derivatives. If we divide both sides
by dt, we have % = J(X)%. We see from Chapter 5.7 of [Craig] that we can treat the Jacobian, J(x), as a mapping
of velocties in x to velocities in y.

In the case of static end-effector forces and joint torques, we can apply the same recursive algorithm as before.
In order to find all of the forces and torques, we lock all of the joints in place, effectively freezing time. Finding the
forces on each section of the arm is trivial. If we define the force on the end effector as "f,,, where n is the frame of
the end effector, and n — 1 is the frame of the joint preceding it, we know

n_lfnfl — n—lanfn (16)

Essentially, equation 16 rotates the force vector from the frame of the end effector to some desired frame further
“down” the robot. The torques for each joint require slighltly more computation. From a rudimentary knowledge
of vector calculus and physics, we know that 7 = 7 x f, which is easily verifiable from a physics textbook such as
[Wolfson and Pasachoff]. Looking at Chapter 5.9 of [Craig], we see that we can express this in terms of joint torques
t, joint links (lever arms) r, and forces f, we have the torque balance expression for joint number k where 0 < k < n.

ktk = ktk+1 + krk+1 X kfk+1 (17)

In other words, the torque about joint k is equal to the torque about joint k + 1 expressed in the frame of £ plus
the torque about joint k& 4+ 1 due to the force f. Re-writing equation 17 with a rotation matrix and understanding
that *f,, = *f,.,; from equation 16, we have

"t = "R g1+ Fregn x Py (18)



3.2 Virtual Work

From our overview of the Jacobian, the dynamics we covered in Section 3.1, our knowledge of basic physics, and
Chapter 5.10 of [Craig], we know that if a force or torque acts through a displacement, work is done. Due to
conservation of energy, work done by a linear force on a system will be the same as the work done by the equivalent
torque on the system. In order to perform our torque and force balances in Section 3.1, we fixed the system in place.
As such, we can write the equation below, where f, x, 7, and © are vectors.

f-dx=71-60 (19)

Here we see that the rectangular work differential is equal to the rotational work differential. By the definition
of the dot product, equation 15, and some matrix algebra, we can re-write equation 19 as the following

1766 = 7760 (20)
frg=r" (21)
r=J'f (22)

If the Jacobian in equation 22 is written in a particular frame, it will translate forces to torques in that frame.

3.3 1 Degree of Freedom

With our newfound knowledge, we can apply the jacobian to the one degree of freedom (DoF) arm we discussed in
section 2.2.

Figure 1: 1-DoF arm with a desired force 2f, exerted at a 90° angle to the end effector in the frame of the end-effector
(frame 2).

From 1, we can express *f as

0
o= | fo (23)
0
and °f, as
costly —sinfy O 1 0 0 0 — fasin 6
Ofg = OR%R2fQ = sin 90 cosf O 01 0 fg = fg [¢0)S] 90 (24)
0 0 1 0 0 1 0 0

Obtaining the Jacobian is slightly more difficult. Remembering from equation 15 that the Jacobian can relate
velocities, if we use forward kinematics to solve for the velocity of the end-effector, we can easily obtain the Jacobian
as we described in Section 3.1. We will use the vectors w and v to denote angular velocity and linear velocity,
respectively.



1w1 = 0 éo 11/1 = 0
1 0
(25)
1 0 0 0 4 0
2w2 = 1(4)1 21/2 = 2]%(11/1 + 1&)1 X 102) = 01 0 0 9.0 X 0 = 61 éo
0 0 1 1 0 0

Our result for 215 passes a quick sanity test, since the linear velocity is v = wr, and since we chose frame 2 as
our coordinate system. Therefore, 25 is has the magnitude of wr = 6o/ in the y direction.
We can re-write 2vy as 265, which makes our 215 expression from 25 capable of being expressed as

26y = 2.J%0, (26)
Thus, the Jacobian in frame 2 is the folowing:
0
2i=1 4 (27)
0

We can also express the Jacobian in terms of the universal frame, or frame 0.

costly —sinfy O 1 0 0 0 —/{1 sin O
ORJ =9RIR*J = | sinf, cosf 0 0 1 0 06 | =] ficosty (28)
0 0 1 0 0 1 0 0
Again, we perform a quick sanity check. Assume 6y = 45° and 0 = by.
. —51 sin 45° . —90#
Ovy =0J% = | £1cosd5° | Oy = 62 (29)
0 0

In other words, if the link is currently 45° from the z-axis of frame 0 and has angular velocity 90, we know that

. . T

v = wr, so v = Hyl1, where v is perpendicular to the vector that describes ¢;. This means 2vy = [ 0 04160 O ] ,
which we verify from equation 25. Converting to frame zero, we use the rotation matricies JR and YR,

cosflp —sinfy 0 1 0 0 .0
Ovy = R3R?vy = | sinfy cosf 0 01 0 4160
0 0 1 0 0 1 0
: . . (30)
—{1 sin byt —(1 5in 45° —90%@
0V2 = 61 C059090 = El COS45°00 = 0'0815/5

We can see that equation 30 yields the same result as 29, so our Jacobian expression for the 1-DoF case is correct.
We can now take the transpose of our Jacobian to obtain an expression for the torques about all of the joints,
using equations 24 and 28.

761 sin 90
0T = £ cos by = [ —l1sinfy f1cosby O ] (31)
0
—f2 sin 90
Or =070 — [ —{¢ysinfy fycosby O ] facosby | = ]"Qﬁl(sin2 0o + cos> 0o) = fals (32)
0



In this specific case, the torque is a 1 x 1 vector, which represents the torque about the first joint. From
our knowledge of physics, we can clearly see that this is true. If a force of magnitude fo is desired to be exerted
perpendicular to the joint ¢;at the end effector, the motor at the joint will have to exert a 7 = frsinf = fof; sin90° =

fal.

4 3 Degrees of Freedom

4.1 Overview

Now that we have seen simple examples for forward kinematics and the torque-force relation given to us by the
Jacobian, we can examine more complicated cases.

Figure 2: Setup for 3-DoF Arm
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Figure 2 shows a 3-DoF arm, with the bottommost joint having 2-DoF. For
the sake of simplicity, we can model that joint as a two 1-DoF joints with
their axes of rotation orthogonal to one another. The first 1-DoF joint,
with the z-axis as its axis of rotation, has a link of length 0, and the second
joint, with the y-axis as its axis of rotation, has a link of length ¢;. The
third joint has the y-axis as its axis of rotation, and has a link of length /5.
One quick notation note is that the subscripts of the 6 angles are always
one less than the number of the joint they are rotating.

Additionally, we want the arm to exert a force *f; in the frame of the
end-effector.

(33)

In order to describe this arm, we will begin by deriving all of the forward kinematics equations for the end effector,
which will involve finding the rotation and translation matricies. Using those matricies, we can derive the Jacobian

and therefore derive the torques of each joint.

4.2 Forward Kinematics

For readability, we will denote cos 6 as ¢k, and sin 0y as si

I Co —9So 0 i zo

?R = So Co 0 (I)T = 00

L0 0 1] 0

I C1 0 —S1 i Col
IR=1]0 1 0 T =

S c 51

L °1 1] I 0

Co 0 —S89 C()2
2R=10 1 0 2T =

52

S92 0 C2 0

—380 0
Co 0
0 1
0 0

0 —S1

1 0

0 C1

0 O

0 —S9

1 0

0 Co

0 0

0

0
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100 010 0
SR=10 1 0 3T = (37)
00 1 0 0 1 O
0 0 0 1
CoC1C2 — CpS182  —So  —CpC1S2 — CpC2S1
gR = OR%RSRiR = C1C280 — S0S182 Co —C18082 — C250S1 (38)
C281 + €182 0 C1C2 — 8182
CoC1C2 — CpS1S2  —Sp  —CpC1S52 — CpC2S1 52(000102 - C08182) +{icoct
0 __ Opln3p3n C1C250 — $05152 Co —C180S2 — C25051 Z2(010280 - 805182) +{ic1s0
4T B T2T2T4T B C281 + €182 0 C1C2 — 8182 52(0281 + 6182) + 4181 (39)
0 0 0 1
The position of the end effector is given by
%04 = §T"0, (40)
0 éQ(COClCQ — 608182) + 616001
0 la(c1c280 + Sos182) + b1c1s
0 0 2(C1C250 05152 1€150
0174 0 ly(cas1 + c182) + 4181 (41)
1 1

For a quick sanity check, let 8y = 67 = 05 = 0°, i.e. the arm lies entirely along the z-axis. Ignoring the last row,
which is an artifact of the translation matrix, we have %0, = [ bro+4¢1 0 O ]T, which is correct.

If we set p = 90° and 61 = 6> = 0°, i.e. the arm lies entirely along the y-axis, we have %o, = [ 0 fo+ /41 0 ]T

Now we set 6y = 6, = 0° and 0; = 90°, i.e. the arm is along the z-axis. These parameters give us oy =
[ 0 0 fly+4 ]T.

If we tried more values of 8, we would see that our matrix for 97 is correct. The ideal sanity check of course
would be to orient the arm parallel to [ 1 11 ]T. Indeed, if we try 6y = 45°, §; = arctan %, and 6> = 0°, our

numerically-computed vector is Yoy = [ 0.5774fy + 0.57746,  0.577465 + 0.5774 057740, +0.5774¢; |", which
is most definitley parallel to [ 1 11 ]T.
4.3 Jacobian
Now that we have all of our forward kinematics expressions, we can use them to derive the Jacobian.
F 0 0
1w1 = 0 11/1 = 0 (42)
L b0 L 0]
F 07 0
2w2 = 9.1 2U2 = 0 (43)
L bo ] L 0
We know that 3R = (3R)7, so using equation 36 we have
T .
. 0 C2 0 —S52 0 E] —61829.1
3(4)3 = 91 + 9.2 31/3 = gR(21/2 + 2(4}2 X 203) = 0 1 0 3.1 X 0 = £1Qo (44)
00 52 0 C2 00 0 —510291



0 —51 8291 0 fg

4w4 = 91 + 92 4V4 = %R(?’Vg, + 3w3 X 304) = 6190 + él + 92 X 0
é() —61029.1 é() 0
(45)
—5152é1
fuy = 0400 + £20,
—l1c90y + Lo(61 + 65)
From equation 45, we can derive the Jacobian.
[ 0 —5182 0 i éo
fo=2J80=| £+ 45 0 0 491
i 0 —lica+4bs Uo ] 92
(46)
[ 0 —6182 0 i
4] = Uy + 4o 0 O
0 —licg+1ly £y |
Now, we express the Jacobian in reference frame 0, keeping in mind that °J = {R*J
—80(61 + 82) —6182(606102 — 608182) — (6102 + 82)(00C182 + 600281) —62(006182 + 006281)
07 = co(l1 +02) —Lysa(cicasy — s08182) — (L1ca + €a)(c18082 + casps1)  —La(c18082 + €258051) (47)
0 —5182(0281 + 6152) + (6102 + Zg)(clcz — 8182) EQ(C]_CQ - 8182)

Again, a very quick sanity check. Assume 6y = 6, = 6, = 0°. %vy = °J6. Given our choices for 6y,

0 0 0
0= | b1+ £, 0 0
0 1+ ¥
As such,
' 0 0 077 b 0
Ouy =00 = 1+ 10 0 0 0 | = (41 + £2)0o
0 l1+46 4o 02 (51 + 62)01 + {505

From our knowledge of simple physics, v = wr, and a little algebra, we can see that the above expression for %y
is true. Our Jacobian is correct. Using our Jacobian and equation 22, we can easily obtain the torques of each joint
required to exert the force *f;. For readibility, we have kept the matricies and vectors in their unexpanded form.

7= (00" IR, (48)
Using MATLAB, we can find a vector expression for 7 in terms of sin 6y, cos 0y, ¢1, {2, fz, fy, and f.. The raw

form of the expression is extremely unwieldly and needs simplification. We have included it in Appendix A for your
conveience.

5 Conclusion

The power of linear algebra has enabled us to use forward kinematics to determine instantaneous position simply by
knowing the geometry of a manipulator and its current angles, as well as translating desired forces to needed torques.
As we can clearly see from our work above, the Jacobian is a powerful tool. Not only can it in its normal form act as
a sort of partial derivative in matrix form, it can also translate forces to torques in a very simple matrix operation.
Roboticists typically use a time-variant Jacobian, which continously updates the 6 values in its entries, to calculate
torques from forces at any given instant. This real-time translation from desired forces to needed torques is essential
for many types of robot controls systems. Since the underlying mathematics of the Jacobian are relatively simple,
we can apply it over and over again in our control systems to get a very quick and effective way of force control.



Appendix A - Torque Expression for 3-DoF Arm

1

(-50% (11+12) * (cO*cixc2-cO*s1%52) +cO* (11+12) * (s0%c1%c2-50%s1%52) ) ¥ £ x+(5072% (11+12) +c0~2% (11+12) ) *xfy+(-s50% (11+12) * (-cO*c1*s2-cO*s1xc2) +cO* (11+12) * (-s0%c1*52-50%s1%c2) ) *fz

T2

((-(cOxcl*c2-cOxs1*52) *11#s2+(-cOxcl*s2-cOxs1xc2) x (11%c2+12) ) * (cOxclrc2-cO*s1xs2) + (- (s0*cl*c2-50%s1%52) ¥11x52+(-50*c1*52-50*51%c2) ¥ (11xc2+12) ) * (s0*c1*c2-50*s1%52) +
(-(s1*c2+c1%52) ¥11#52+(-s1*s2+c1*c2) % (11%c2+12) ) * (s1*c2+c1#52) ) #fx+(— (- (cO*c1¥c2-cO*¥s1%52) ¥ 11452+ (-cO*Cc1ks2-cO*s1%c2) * (11%c2+12) ) #50+ (- (SO*C1%C2-S0*s1#52) *¥11%52+
(-s0%c1%52-50%s1*c2) *(11#c2+12)) %c0) *£y+( (- (cO*c1*c2-cO*s1%52) ¥11#52+(-cO*c1%52-cOks1*c2) * (11#c2+12) ) # (-cO*c1%52-cO*s1*c2) +(- (SO*c1%C2-50*s1+s2) *11*s2+
(-s0%c1*52-50%51#c2)* (11%c2+12)) * (-s0%c1%52-50*s1%c2) +(- (s1%c2+c1#52) ¥ 11452+ (-s1*s2+c1%c2) * (11%c2+12) Y * (~s1*s2+c1%c2) ) ¥z

73
((-cO*clxs2-cO*s1xc2) *12% (cO*cl*c2-cO*s1*52) + (-s0%c1¥52-50%s1%C2) x12*% (sO*c1*c2-50*s51*52) + (-s1*s52+c1#c2) ¥12% (s1*c2+cl*s2) ) ¥fx+
(-(-cO*c1¥52-c0*s51%c2) *12%50+(-50%c1#52-80%51%c2) #12+c0) *fy+((-cO*cl*52-cO*s1#c2) "2+12+(-50%c1#52-50%51%c2) "2+412+(-51#s2+c1%c2) “2%12) *fz
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